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We present a theory for the Josephson effect in an unconventional superconductor / one-dimensional
electron gas / unconventional superconductor (s/o/s) junction, where the Josephson current is
carried by components injected perpendicular to the interface. When superconductors on both sides
have triplet symmetries, the Josephson current is enhanced at low temperature due to the zero-
energy states formed near the interface. Measuring Josephson current in this s/o/s junction, we can
identify parity of the superconductor.
Nowadays, novel interference effects of the quasipar-
ticle tunneling in unconventional superconductor junc-
tions, where pair potentials change sign on the Fermi
surface, have been paid much attention.1,2 One of the
remarkable features is the formation of the zero-energy
states (ZES) localized near surfaces of unconventional
superconductors1,3,4. The ZES are detectable by tun-
neling spectroscopy as conductance peaks. Experimental
observations of the ZES on surfaces of high-Tc supercon-
ductors have been reported in several papers.5–8 Moti-
vated by these works, general formulas for the Josephson
current in (even parity) unconventional superconductors
were presented by taking account of the ZES.9–12 Calcu-
lated results show several anomalous properties including
the strong enhancement of the Josephson current at low-
temperature under the influence of the ZES formation.
Recently, Maeno, et al. discovered superconductivity
in Sr2RuO4, where symmetry of the pair potential is be-
lieved to be triplet.13–15. In (odd parity) triplet super-
conductor junctions, it is also expected that the Joseph-
son current is enhanced by the formation of the ZES simi-
larly to the even parity cases.4,16 Since the ZES formation
is a universal phenomenon for any pair potential with the
sign change on the Fermi surface irrespective of parity
of the pair potential, it is not so easy to determine the
parity of the unconventional superconductor using usual
Josephson junctions.
In order to distinguish odd parity superconductors
from even parity ones, we propose a new method using a
superconductor / one dimensional electron gas (1DEG)
/superconductor (s/o/s) junction. Anomalous behaviors
in the Josephson effect are expected only for odd par-
ity superconductor in this junction configuration. This
is because direction of quasiparticle injection, which is a
decisive factor for the formation of the ZES, is restricted
to be normal to the interface. In this configuration, the
appearance of the ZES is governed by the parity of the su-
perconductor, as precisely discussed below. Thus s/o/s
junction provides a simple strategy to determine the par-
ity of the superconductor.
Recent rapid progress in the technology of supercon-
ductor / semiconductor hybrid structure makes it possi-
ble to fabricate and to study s/o/s junctions. Hence the
way is promising enough. Several theories have already
been presented about the effect of interaction in 1DEG
on the Josephson effect using superconductor / Luttinger
liquid (LL) / superconductor (s/LL/s) junctions.17,18 In
these works, however, the superconductor is assumed to
be BCS-type s-wave and cases for unconventional super-
conductors are not clarified yet.
In this paper, a formula of the Josephson current is
presented for s/o/s junctions assuming that the 1DEG
is non-interacting. The Josephson current is shown to be
sensitive to the parity of the superconductor. We further
study the effect of interaction for the 1DEG using the
Tomonaga-Luttinger (TL) model. A Josephson-current
formula for general s/o/s junctions with normal bound-
ary reflections is obtained by generalizing the method by
Maslov et al., which again shows sensitivity of the current
to the parity of the superconductor.
Let us consider a semi-infinite superconductor with a
flat interface at x = 0 as shown in Fig.1. The effective
potentials for injected and reflected quasiparticles with
spin index σ are given by ∆Lσ(θ) and ∆Lσ(pi − θ), re-
spectively. In usual Josephson junctions, ZES at a sur-
face are formed if a condition ∆Lσ(θ)∆Lσ(pi − θ) < 0 is
satisfied1,3,4. On the other hand, as we stated above, the
most remarkable difference in s/o/s junctions from usual
Josephson junctions is that only the components of the
current which flow perpendicular to the interface (θ=0)
contribute to the Josephson current. For singlet super-
conductors, since ∆Lσ(0) = ∆Lσ(pi), the condition for
the ZES is never satisfied. On the other hand, for triplet
superconductors, since ∆Lσ(0) = −∆Lσ(pi) is satisfied,
1
ZES are always expected3. This is the reason why we
propose a s/o/s junction to distinguish the parity of the
superconductor.
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FIG. 1. A schematic illustration for the formation of the
ZES at the surface of an unconventional superconductor.
To perform the simplest model calculation, we consider
s/o/s junctions with perfectly flat interfaces in the clean
limit. In this model, the interface is perpendicular to the
x-axis and is located at x = 0 and x = d where d is the
length of the 1DEG region. In real junctions, insulator
is inevitably located between the superconductors and
the 1DEG. We model the insulator by a delta functions,
namely Hδ(x) and Hδ(x− d), where H denotes strength
of the barrier. We assume that the superconductors are
two-dimensional. The Fermi wave number kF and the
effective mass m are assumed to be equal in the left- and
right superconductors. In the 1DEG, the magnitude of
the Fermi wave number and the effective mass are also
chosen as kF and m, respectively. In the following, we
will calculate the Josephson current in the s/o/s junc-
tion shown in Fig.2. For simplicity, the Cooper pair is
assumed to be formed by two electrons with antiparal-
lel spins both for the singlet pairing and for the triplet
pairing (S = 1, Sz = 0).
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FIG. 2. A schematic illustration of the superconductor /
1DEG / superconductor junction. The effective pair poten-
tials for an injected ELQ (the reflected HLQ), the reflected
ELQ, the transmitted ELQ and the transmitted HLQ are
∆Lσ(0) exp(iϕL), ∆Lσ(pi), ∆Rσ(0), and ∆Rσ(pi), respectively.
We first consider the case with non-interacting 1DEG.
In the framework of the quasi-classical approximation,
the effective pair potentials for the quasiparticles de-
pend on their directions of their motions. We assume
an electron-like quasiparticle (ELQ) is injected from
the left. The effective pair potentials for the injected
ELQ [a reflected hole-like quasiparticle (HLQ)], the re-
flected ELQ, the transmitted ELQ and the transmitted
HLQ are given by ∆Lσ(0) exp(iϕL), ∆Lσ(pi) exp(iϕL),
∆Rσ(0) exp(iϕR), and ∆Rσ(pi) exp(iϕR), respectively
(see Fig. 2). The quantities ϕL and ϕR denote the
macroscopic phases, which are measured along the x-
axis, of the left and right superconductors, respectively.
The Josephson current through the junction is expressed
in terms of the coefficients of the Andreev reflection19
[aσ(ϕ)] as
RNI(ϕ) =
pikBT
eσT
∑
ωn,σ
∆Lσ(0)
2Ωn
[aσ(ϕ)− aσ(−ϕ)] (1)
with Ωn =
√
ω2n+ | ∆Lσ(0) |
2, ϕ = ϕL − ϕR, and ωn =
2pikBT (n + 1/2) with an integer, n
20. Conductance of
the junction in the normal state σT is given by
σT =
σ2N
{1 + (1− σN )2 + F (1 − σN )}
(2)
F = [2(2σN − 1) cos(2kFd) + 4
√
σN (1 − σN ) sin(2kFd)]
with σN = 4/(4 + Z
2) and Z = 2mH/h¯2. Coefficients
of the Andreev reflection are obtained by solving the fol-
lowing equations,
Ψ(x = 0−) = Ψ(x = 0+), Ψ(x = d−) = Ψ(x = d+),
d
dx
Ψ(x) |x=0+ −
d
dx
Ψ(x) |x=0
−
=
2mH
h¯2
Ψ(x) |x=0+
d
dx
Ψ(x) |x=d+ −
d
dx
Ψ(x) |x=d
−
=
2mH
h¯2
Ψ(x) |x=d+ , (3)
where Ψ(x) denotes the two component wave functions.
In the following, we will consider two cases; (1) singlet su-
perconductor / 1DEG / singlet superconductor (ss/o/ss)
junction [∆L(R)σ(0) = ∆L(R)σ(pi) = s∆0], (2) triplet su-
perconductor / 1DEG / triplet superconductor (ts/o/ts)
junction [∆L(R)σ(0) = ∆0, ∆L(R)σ(pi) = −∆0], with
s = 1 (s = −1) for up (down) spin electron injection.
The Josephson current is expressed as
(1)ss/o/ss junction case;
RNI(ϕ) =
pikBT
eσT
∑
ωn
4γη2σ2N sinϕ
σNΛ + (1− σN )(1 + η2)2t
(4)
(2)ts/o/ts junction case;
RNI(ϕ) =
pikBT
eσT
∑
ωn
4γη2σ2N sinϕ
σNΛ + (1− σN )(1− η2)2t
(5)
2
where
Λ = (1+γ2η4+2γη2 cosϕ)−(1−σN )(γ
2+η4+2γη2 cosϕ),
η =
∆0
Ωn + ωn
, γ = exp[−2 | ωn | d/h¯vF ],
t = 1 + γ2 − γ(tsδ +
1
tsδ
), ts = −
2− iZ
2 + iZ
, δ = exp(2ikFd).
(6)
Temperature dependence of the maximum Josephson
current IC(T ) of ss/o/ss and ts/o/ts junctions is plot-
ted in Fig. 3. With increasing Z, magnitude of RNIC(T )
for ss/I/ss junction is reduced. On the other hand, for
ts/o/ts junction, it is enhanced oppositely with increas-
ing Z. The enhancement of the Josephson current for
larger Z is due to the resonating current through the
ZES formed near the interface. In real junctions, an insu-
lating barrier inevitably exists near the interface. Such a
situation corresponds to the larger magnitude of Z in our
calculations. The present result suggests that we can dis-
tinguish the parity of the superconductor, whether IC(T )
shows an upturn curvature (triplet case) or not (singlet
case).
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FIG. 3. The maximum Josephson current IC(T ) in
ss/o/ss junctions for (a) Z = 0, (b) Z = 1 and (c) Z = 5
and that in ts/o/ts junctions for (d) Z = 1 and (e) Z = 5
with dkF = 50, d/ξ = 5, and ξ = h¯vF /∆0. For Z = 0, both
junctions show the same magnitude of IC(T ). The ∆00 is
the value of ∆0 at zero temperature, where the temperature
dependence of ∆0 is assumed to obey the BCS relation.
Now, we consider an effect of the interaction in the
1DEG. We derive the Josephson current formula for
unconventional superconductors with arbitrary barrier
heights by taking account of both the Andreev reflec-
tion and normal reflection at the interfaces. The effect
of interaction in 1DEG is introduced following Maslov et
al. using the TL-model.18,21 Basis for 1DEG is spanned
by bound states formed in the superconducting gap.
For simplicity, we consider here only the low temper-
ature limit and assume that relevant excitations deter-
mining the Josephson current have energy, | ε |≪ ∆0.
Within these conditions, a difference between ss/LL/ss
and ts/LL/ts junctions appears only in the following gen-
eralized boundary conditions for the fermion field opera-
tors,
ψ±,s(x + 2d) = λψ±,s(x) (7)
ψ+,s(x) = sψ
†
−,−s(−x) (8)
Here ψ±,s represents right-going (left-going) fermion field
with spin s. Extra phase factor λ, which is a function of
kF , d, σN , and ϕ, coincide with the factor in Eqs. (16a),
(16b) of Ref. [18], when a ss/LL/ss junction with only
the Andreev refrection at the boundary is considered.
Following the bosonization technique for the open bound-
ary conditions, ψ±,s can be represented by chiral boson
fields.18,22 We see that only zero modes are affected by
the parity of the superconductor through the boundary
condition, (7), and χ in the equation (28) of Ref. [18] is
replaced by a complicated function of ϕ for general situa-
tions considered here. Explicit formulas for ψ as well as λ
will be presented elsewhere.23 The current is obtained by
I(ϕ) = − 2ekBT
h¯
∂
∂ϕ
logZ(ϕ) where Z(ϕ) is the partition
function. As Maslov et al. have claimed, the Josephson
current in the present limit is determined by the zero
mode (the topological excitations) and non-zero modes
do not contribute.18 Our general formula of the Joseph-
son current for interacting 1DEG systems shows essen-
tially the same feature as non-interacting cases in that
I(ϕ) is enhanced for ts/LL/ts compared with ss/LL/ss.
In this paper, we propose a new method to identify
the parity of a superconductor using a s/o/s junction.
We derive a formula for the Josephson current assuming
that the 1DEG is non-interacting. Anomalous behavior
in the Josephson effect is expected only in triplet super-
conductor with odd parity. This is because the direc-
tion of quasiparticle injection, which is a decisive factor
for the formation of ZES, is selected to be normal to
the interface3. For the singlet superconductor with even
parity, the ZES never appear in the present geometry
as precisely discussed. In the present calculation, the
suppression of the pair potential near the interface24 is
neglected. Even if we take into account of this effect,
qualitative features in the upturn curvature due to the
ZES at low temeratures will not be changed, then the
present results are still valid.10,25 We have further stud-
ied the effect of interaction for the 1DEG using the TL
model. It is shown that the essential feature is deter-
mined by the parity of the superconductor and the influ-
ence of the interaction effect is not so important within
the TL model at the low temperature limit. We will re-
port detailed properties of general s/LL/s junctions in a
forthcoming paper using a bosonization technique with
further consideration of the inter-electron interaction23.
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